Using the fixed point method, we prove the Hyers-Ulam stability of an additive-quadratic-cubic-quartic functional equation in matrix normed spaces. MSC: Primary 47L25; 47H10; 39B82; 46L07; 39B52
Introduction and preliminaries
The abstract characterization given for linear spaces of bounded Hilbert space operators in terms of matricially normed spaces [] implies that quotients, mapping spaces and various tensor products of operator spaces may again be regarded as operator spaces. Owing in part to this result, the theory of operator spaces is having an increasingly significant effect on operator algebra theory (see [] ).
The proof given in [] appealed to the theory of ordered operator spaces [] . Effros and Ruan [] showed that one can give a purely metric proof of this important theorem by using the technique of Pisier [] and Haagerup [] (as modified in [] ).
The stability problem of functional equations originated from a question of Ulam [] concerning the stability of group homomorphisms.
The functional equation 
It is easy to show that the function f (x) = 
Note that (X, { · n }) is a matrix normed space if and only if (M n (X), · n ) is a normed space for each positive integer n and AxB k ≤ A B x n holds for A ∈ M k,n , x = (x ij ) ∈ M n (X) and B ∈ M n,k , and that (X, { · n }) is a matrix Banach space if and only if X is a Banach space and (X, { · n }) is a matrix normed space.
Let E, F be vector spaces. For a given mapping h : E → F and a given positive integer n,
We recall a fundamental result in fixed point theory.
Theorem . [, ] Let (X, d) be a complete generalized metric space and let J : X → X be a strictly contractive mapping with Lipschitz constant α < . Then, for each given element
for all nonnegative integers n or there exists a positive integer n  such that
() the sequence {J n x} converges to a fixed point y * of J;
In , Isac and Rassias [] were the first to provide applications of stability theory of functional equations for the proof of new fixed point theorems with applications. By using fixed point methods, the stability problems of several functional equations have been extensively investigated by a number of authors (see [-]).
In this paper, we prove the Hyers-Ulam stability of the following additive-quadraticcubic-quartic functional equation:
in matrix normed spaces by using the fixed point method.
One can easily show that an odd mapping f : X → Y satisfies (.) if and only if the odd mapping f : X → Y is an additive-cubic mapping, i.e., Lemma . Let (X, { · n }) be a matrix normed space. Then:
we get the result.
be a function such that there exists an α <  with 
Proof Let x ij =  and y ij =  except for (i, j) = (s, t) in (.). 
for all x st ∈ X. Consider the set
and introduce the generalized metric on S:
where, as usual, inf φ = +∞. It is easy to show that (S, d) is complete (see [, ]). http://www.advancesindifferenceequations.com/content/2013/1/146
Now we consider the linear mapping J : S → S such that
for all a ∈ X. Let g, h ∈ S be given such that d(g, h) = ε. Then
for all g, h ∈ S.
It follows from (.) that d(g, Jg) ≤ . By Theorem ., there exists a mapping A : X → Y satisfying the following: () A is a fixed point of J, i.e., A(a) = A(a) (  .  )
for all a ∈ X. The mapping A is a unique fixed point of J in the set
This implies that A is a unique mapping satisfying (.) such that there exists a μ ∈ (, ∞) satisfying
This implies the equality Jg) , which implies the inequality
for all a ∈ X.
It follows from (.) and (.) that

DA(a, b)
By Lemma . and (.), 
Proof The proof follows from Theorem . by taking ϕ(a, b) = θ ( a r + b r ) for all a, b ∈ X. Then we can choose α =  r- and we get the desired result.
be a function such that there exists an α <  with
for all a, b ∈ X. Let f : X → Y be an odd mapping satisfying (.). Then there exists a unique additive mapping A : X → Y such that 
The rest of the proof is similar to the proof of Theorem ..
Corollary . Let r, θ be positive real numbers with r > . Let f : X → Y be an odd mapping satisfying (.). Then there exists a unique additive mapping
Proof The proof follows from Theorem . by taking ϕ(a, b) = θ ( a r + b r ) for all a, b ∈ X. Then we can choose α =  -r and we get the desired result.
be an odd mapping satisfying (.). Then there exists a unique cubic mapping C
Proof Let (S, d) be the generalized metric space defined in the proof of Theorem .. Replacing y st by x st and letting g(
The rest of the proof is similar to the proof of Theorem .. 
Proof The proof follows from Theorem . by taking ϕ(a, b) = θ ( a r + b r ) for all a, b ∈ X. Then we can choose α =  r- and we get the desired result.
for all a, b ∈ X. Let f : X → Y be an odd mapping satisfying (.). Then there exists a unique cubic mapping C :
Proof Let (S, d) be the generalized metric space defined in the proof of Theorem .. It follows from (.) that
Proof The proof follows from Theorem . by taking ϕ(a, b) = θ ( a r + b r ) for all a, b ∈ X. Then we can choose α =  r- and we get the desired result.
for all a, b ∈ X. Let f : X → Y be an even mapping satisfying f () =  and (.). Then there exists a unique quadratic mapping Q :
Proof Let (S, d) be the generalized metric space defined in the proof of Theorem .. It follows from (.) that
